ANOTHER STATE ENTANGLEMENT MEASURE 
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Given a state uj of the (minimal C*-) tensor product A <g> B of unital C*-algebras A and B, 
its marginals are the states of A and B defined by 

u A (a) = oj(a® 1 B ) , aeA, u B (b) = uj{1 a ® 6) , beB. 

Given a state p of A and a state (p °f B, there is a unique state cj of A <8> -B such that 
c<j(a (g) 6) = p(a)<f)(b) for all a G A and all 5 6 5; we denote this state by p (g) 0- A product- 
state of A (g> 5 is a state a; of A <g> 5 such that a; = cj a (g w B . We write S 7T (A (g S) for the 
product-states of A(g.B. The convex hull of SV, written co(S n (A® B)) , is the set of finite convex 
combinations of product states. The states of A (g) I? in the norm-closure of co(S 7r (A (g) 5)) are 
usually identified with the separable states of the composite system whose observables are 



3 



described by A (g) 5; the states which are not separable are termed entangled. 



For a state w of a unital C*-algebra A, consider its finite convex decompositions: uj 



J2]=i with < Xj < 1, J21=i Xj = 1, and ujj a state of A. Such a decompositon will be 



written [Aj,c<jj] and denotes all such finite convex decompositions. 



(N 
O , 

Consider the realtive entropy (p, (p) — > 5(p, 0) for pairs of states p and of a unital C*- 
algebra. We use the original convention of Araki [l] 3 , which is also that used in [2] which we 
use as a standard reference for the properties of relative entropy. We propose the following 
measure of entanglement 



g : (1) E(J) = n inf_ ^S{u h uf ® uf) 

cr. 



We say a map a from A® B into C <g> D commutes with marginalization if for every 
state uj of C (g) £> one has (u> o a)" 4 (g) (a; o a) B = [uj c tg> u;- ) o a. 

We have the following result, whose proof will be provided in a forthcoming paper [3], along 
with result about a class of entanglement measures akin to (1): 

1. < E(uj) < S(uj,uj a (g) uj b ) with equality in the right-hand side inequality if a; is a pure 
state. E(uj) = if uj is a product-state. 

2. E(-) is convex (and in general not affine). 

3. If a and /3 are, respectively, "^-isomorphisms of A onto C and of i? onto D (A, B, C and 
D are unital C*-algebras) then E(u o (a <g) /?)) = £7(a;) for every state of C (g .D. 
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3 If A is the algebra of bounded linear operators on a Hilbert space, then S(p, (f) — Tr(D p (log(D p — log(D^))), 
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4. If 7 : A ® B — > C ® D is a unital, linear, continuous, Schwarz-positive map (7(2*2;) > 
r y(z)* r y(z) for every 2; G A ® B) which commutes with marginalization, then B(a> o 7) < 
£■(0;) for every state u of C ® D. 

5. If a; is separable then E(uS) = 0. 

6. E(uj) = iff lo lies in the u>*-closure of co(S n (A ® 5)). 

7. For n (n > 1) states u>i, cu 2 , • ■ ■ , 0J n of A ® B, 

n 

(2) ®w 2 ®---®w n )og<^ B(^) , 
where Q n is the *-isomorphism 

(3) < A® A® ■ ■ ■ ® A \ ® J B ® B ® ■ ■ ■ ® B I C A (A ® B) ® (A ® B) ® ■ ■ ■ (A ® B) , 

I n J I n J n "" " 

given by Cn((«i ® ^2 ® • • • ® a n ) ® (&i ® 6 2 ® • • -®b n )) = (ai® &i) ® (a 2 ® 62) ® • • • (a n ® 6 n ). 
One has, 

(4) lirn n^B^u; ® a; ® • • • ® a;) o ( n ) < E(u) . 

In both (2) and (4), the left-hand side is computed with respect to marginalization with 
respect to the two factors in { }-brackets in (3). 

8. If A or B is abelian then E = 0. 

9. Let M.^ be the (Radon)-measures on the state space with barycenter u, then 

E(u)= inf U{d<j>)S{<t>,<j> A ®cf> B ) , 



and there exists fi Q G such that 

E(u) = J fJi {d<f>)S(<l>,<f> A ®<!> B ) . 



The crucial condition of "commmutation with marginalization" involved in property 4. of 
E is met by the "LQCC" maps considered in [4]. "LQCC" means "local quantum operations" 
with "classical communication", and these are the relevant maps in the games that Alice and 
Bob play. 

Like most known entanglement measures (see e.g., [4,5]), except that devised by Vidal and 
Werner [6], the calculation of E involves an infimum over a rather unmanageable set. Using 
Kosaki's variational expression ([7]) for the relative entropy, one obtains a lower bound on E 
which can be possibly used to devise a strategy to show that E{uj) > for a specific state u>. 
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One can replace the relative entropy in the definition of E by other, suitable functions, e.g. 
|| (j) — (j) A <S> <p B ||, without losing the basic properties of E; this is studied in [3]. 

In a previous version of this announcement [8], we claimed that E was additive, that is, 
equality holds in (2). We withdraw this claim because we have found a mistake in our "proof". 
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